Brane Topological Field Theories and Hurwitz numbers for CW-complexes by Natanzon, Sergey M.
ar
X
iv
:0
90
4.
02
39
v2
  [
ma
th.
GT
]  
18
 Ju
l 2
00
9
Brane Topologial Field Theories
and Hurwitz numbers for CW-omplexes
Sergey M. Natanzon
1
A.N.Belozersky Institute, Mosow State University
Independent University of Mosow
Institute Theoretial and Experimental Physis
natanzonmme.ru
1. Introdution
We expand Topologial Field Theory of [5℄,[12℄ on some speial CW-omplexes (brane
omplexes). This Brane Topologial Field Theory extends the Open Topologial Field
Theory from [9℄,[10℄,[1℄. For arbitrary two-dimension brane omplexes the Brane Topo-
logial Field Theory is the "open part" of Cyli Foam Topologial Field Theory from
[11℄. We prove that the Brane Topologial Field Theory one-to-one orresponds to innite
dimensional Frobenius Algebras, graduated by CW-omplexes of lesser dimension.
We dene general and regular Hurwitz numbers of brane omplexes and prove that they
generate Brane Topologial Field Theories. For general Hurwitz numbers orresponding
algebra is an algebra of overings of lesser dimension. For regular Hurwitz numbers the
Frobenius algebra is an algebra of families of subgroups of nite groups.
2. Brane Topologial Field Theory
2.1. Simple CW-omplexes. A nite ompat CW-omplex is said to be simple if
• it is the losure of theirs ells of maximal dimension;
• the losure of any ell is a losed ball.
An isomorphism between simple CW-omplexes is a homeomorphism onserving theirs
ell strutures. Zero-dimensional ells are alled vertexes. Denote by Ωb the set of all
vertexes of Ω.
Denote by |M | the ardinality of a set M . Following by Smith and Dold (see also [6℄)
we dene d-brunhed overing as a ontinuous map h : X → Y between two Hausdor
spaes and a ontinuous map t : Y → Symd(X) suh that: 1) x ∈ th(x) for all x ∈ X , 2)
Sym
d(h)(ty) = dy for all y ∈ Y . We say that a d-brunhed overing is nite if Y assume
a CW-omplex struture suh that the funtion |h−1(y)| is onstant on any ell.
Lemma 2.1. Any simple CW-omplexes has a nite brunhed overing over a ball.
Proof. Let Ω be a simple CW-omplex with vertexes {qk|k ∈ K}. Consider a ball B
and k dierent points {bk ∈ ∂B|k ∈ K}. Then there exists a nite number isomorphi
lasses of simple CW-omplexes with vertexes {bk|k ∈ K} that form a stratiation of B.
Consider a set {Bi|i ∈ I} of representatives of theirs isomorphi lasses.
Let {Ωj |j ∈ J} be the set of losing of dimΩ-dimensional ells ωj ⊂ Ω. Then for any
j ∈ J there exists an isomorphism of simple CW-omplexes hj : Ωj → Bi(j). Gluing now
the manifolds {Ωj |j ∈ J} along its boundary by maps h
−1
k hj, using the same rules that
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manifolds {Ωj|j ∈ J} form Ω. Then we get a simple CW-omplex Ω˜ that isomorphi to
Ω. The maps hj generate a nite branhing overing h : Ω˜→ B.

Theorem 2.1. A Hausdor spae Ω has a stratiation, generating a simple CW-omplex
if and only if there exists its nite branhing overing over a ball h : Ω→ B.
Proof. Let h : Ω → B be a nite branhing overing. Construt a stratiation of B
onto ells, suh that, the funtions |h−1(y)| is onstant on any ell. Preimages of these
ells form a struture of simple CW-omplex on Ω. The inverse armation follows from
lemma 2.1.

2.2. Brane omplexes. A simple CW-omplex is said to be oriented if all ells of pos-
itive dimensional are oriented. Fix a set S of olors. An oriented omplex Ω is alled
olored omplex if a olor s(l) ∈ S is assigned to any its ell l of positive dimension, and
for any onneted omponent of Ω any two elles of the same dimension have dierent
olors. An isomorphism between olored omplexes is an isomorphism between simple
CW-omplexes, onserving the orientations and the olors of ells.
A system of yli orders on vertexes of onneted omponents of a oriented omplex
Ω is alled a yli order on Ω. A olored omplex with a yli order is alled yli
omplex.
A onneted subomplex γ ⊂ Ω of odimension 1 into yli omplex Ω is alled a ut
if:
• the restrition of γ to any losed ell of ω ∈ Ω either is empty, or homeomorphi
to losed ball of odimension 1 in ω;
• γ divides a onneted omponent of Ω into two onneted omponents that splits
its verties into two nonempty groups, ompatible with the yli order on Ω.
A yli omplex is alled a brane omplex, if for any ompatible with the yli order
division of vertexes Ω there exists a ut that realize it.
The struture of CW-omplex on Ω forms a struture of CW-omplex on any its ut.
A ut σq, dividing a vertex q from other vertexes, is alled vertex omplex. It separates
a neighborhood Uq of q, that is a one over σq. Any ell σ ∈ σq divides an oriented ell
ω ∈ Ω. Equip σ by orientation, as a boundary of onneted omponent of ω \σ that don't
ontain q. The olore struture on Ω generate a olore struture on σq. Thus, a brane
omplex generates a struture of onneted olored omplexes on its vertex omplexes.
2.3. Topologial Field Theory. Below we assume that all vetor spaes are dened
over a eld K ⊃ Q. Let {Xm|m ∈ M} be a nite set of n = |M | vetor spaes Xm over
the eld of omplex numbers C. The ation of the symmetri group Sn on {1, . . . , n}
indues its ation on the sum of the vetor spaes
(
⊕σXσ(1) ⊗ · · · ⊗Xσ(n)
)
, where σ runs
over the bijetions {1, . . . , n} → M , an element s ∈ Sn takes Xσ(1) ⊗ · · · ⊗ Xσ(n) to
Xσ(s(1)) ⊗ · · ·⊗Xσ(s(n)). Denote by ⊗m∈MXm the subspae of all invariants of this ation.
The vetor spae ⊗m∈MXm is anonially isomorphi to the tensor produt of all Xm in
any xed order; the isomorphism is the projetion of ⊗m∈MXm to the summand that is
equal to the tensor produt of Xm in that order.
Denote by Σ = Σ(D,S) the set of all isomorphism lasses of D-dimensional onneted
olored omplexes. The inversion of the orientations generates the involution ∗ : Σ→ Σ.
Denote it by σ 7→ σ∗.
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Consider a family of nite-dimensional vetor spaes {Bσ|σ ∈ Σ} and a family of tensors
{K⊗σ ∈ Bσ⊗Bσ∗ |σ ∈ Σ}. Using these data, we dene now a funtor V from the monoidal
ategory S of (D + 1)-dimensional brane omplexes to the ategory of vetor spaes.
This funtor assigns the vetor spae VΩ = (⊗q∈ΩbBq) to any (D + 1)-dimensional brane
omplex Ω. Here Bq is the opy of Bσq that is a vetor spae with a xed isomorphism
Bq → Bσq .
We are going to desribe all morphisms of the monoidal ategory S and morphisms of
the ategory of vetor spaes that orrespond to it.
(1) Isomorphism. Dene an isomorphism of brane omplexes as an isomor-
phism φ : Ω → Ω′ of olored omplexes, preserving the yli orders. Dene
V(φ) = φ∗ : VΩ → VΩ′ as linear operator generated by the bijetions φ|Ωb : Ωb → Ω
′
b.
(2)Cut. Let Ω be a onneted brane omplex and γ ⊂ Ω be a ut. The ut γ is
represented by two omplexes γ+ and γ− on the losure Ω \ γ of Ω \ γ . Contrat these
omplexes to points q+ = q+[γ] and q− = q−[γ], respetively. The ontration produes
a brane omplex Ω′ = Ω[γ]. Its verties Ω′ = Ω[γ] are the verties of Ω and the points
q+, q−. The yli order, orientation and the oloring of Ω indue an orientation and a
oloring of Ω′. Thus, we an assume that Ω′ is a brane omplex and VΩ′ = VΩ⊗Bq+⊗Bq− .
The funtor takes the morphism V(η)(x) = η∗(x) = x⊗K
⊗
σ , where σ = σq+ = σ
∗
q−
, to the
morphism η : Ω→ Ω′.
(3) The tensor produt in S dened by the disjoint union of brane omplexes
Ω′ ⊗ Ω′′ → Ω′
∐
Ω′′ indues the tensor produt of vetor spaes θ∗ : VΩ′ ⊗ VΩ′′ → VΩ′⊔Ω′′ .
The funtorial properties of V an be easily veried.
Fix a tuple of vetor spaes and vetors {Bσ, K
⊗
σ ∈ Bσ ⊗ Bσ∗ |σ ∈ Σ}, dening the
funtor V. A family of linear forms F = {ΦΩ : VΩ → K} dened for all brane omplexes
Ω ∈ S is alled a Brane Topologial Field Theory if it satises the following axioms:
1◦ Topologial invariane.
ΦΩ′(φ∗(x)) = ΦΩ(x)
for any isomorphism φ : Ω→ Ω′ of brane omplexes.
2◦ Non-degeneray.
Let Ω be a brane omplex with only two verties q1, q2. Then σq2 = σ
∗
if σq1 = σ.
Denote by (., .)σ the bilinear form (., .)σ : Bσ×Bσ∗ → K, where (x
′, x′′)σ = ΦΩ(x
′
q1
⊗x′′q2).
Axiom 2◦ asserts that the forms (., .)σ are non-degenerated for all σ ∈ Σ.
3◦ Cut invariane.
ΦΩ′(η∗(x)) = ΦΩ(x)
for any ut morphism η : Ω→ Ω′ of brane omplexes.
4◦ Multipliativity.
ΦΩ(θ∗(x
′ ⊗ x′)) = ΦΩ′(x
′)ΦΩ′′(x
′′)
for Ω = Ω′
∐
Ω′′, x′ ∈ VΩ′ , x
′′ ∈ VΩ′′ .
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Note that a Topologial Field Theory denes the tensors {K⊗σ ∈ Bσ ⊗ Bσ∗ |σ ∈ Σ},
sine it is not diult to prove:
Lemma 2.2. Let {ΦΩ} be a Brane Topologial Field Theory. Then
(K⊗σ , x1 ⊗ x2)σ = (x1, x2)σ, for all x1 ∈ Bσ, x2 ∈ Bσ∗ .
Remark 2.1. Brane omplexes with single ell of higher dimensional form subategory
into the subategory (ball ategory) of brane omplexes. Thus, we an onsider a restrition
Brane Topologial Field Theory on ball ategory.
3. Colored Frobenius Algebras
3.1. Algebra. We say that a onneted brane omplex Ω is a ompatible omplex for
onneted olored omplexes σ1, σ2, ..., σn if {σi} are vertex of Ω and the numeration of
{σi} generates the yli order on Ω. Denote by Ω(σ1, σ2, ..., σn) the set of all isomorphism
lasses of ompatible omplexes for σ1, σ2, ..., σn. Then Ω(σ1, σ2, ..., σn) is either empty or
onsists of a single element.
Let Ω(σ1, σ2, σ3, σ4) 6= ∅. Then there exist unique lasses of uts σ(1,2|3,4), σ(4,1|2,3) ∈ Σ
suh that Ω(σ1, σ2, σ(1,2|3,4)) 6= ∅, Ω(σ(3,4|1,2), σ3, σ4) 6= ∅, Ω(σ4, σ1, σ(4,1|2,3)) 6= ∅,
Ω(σ(4,1|2,3), σ2, σ3) 6= ∅ and σ(3,4|1,2) = σ
∗
(1,2|3,4), σ(2,3|4,1) = σ
∗
(4,1|2,3).
Consider a tuple of nite dimensional vetor spaes {Bσ|σ ∈ Σ}. Its diret sum
B⋆ =
⊕
σ∈ΣBσ is alled a olored vetor spae. A olored vetor spae with a bilin-
ear form (., .) : B⋆ × B⋆ → K and a tree-linear form (., ., .) : B⋆ × B⋆ × B⋆ → K is alled
a Colored Frobenius Algebra if
• the form (., .) is not-degenerate;
• (Bσ1 , Bσ2) = 0 for σ1 6= σ
∗
2 ;
• (Bσ1 , Bσ2 , Bσ3) = 0 for Ω(σ1, σ2, σ3) = ∅
•
∑
i,j(x1, x2, b
(1,2|3,4)
i )F
ij
(1,2|3,4)(b
(3,4|1,2)
j , x3, x4) =
∑
i,j(x4, x1, b
(4,1|2,3)
i )F
ij
(4,1|2,3)(b
(2,3|4,1)
j , x2, x3).
Here xk ∈ Bσk , {b
(s,t|k,r)
i } is a basis of Bσ(s,t|k,r) and F
ij
(s,t|k,r) is the inverse matrix for
(b
(s,t|k,r)
i , b
(k,r|s,t)
j ).
We will onsider B∗ as an algebra with the multiplia-
tion (x1x2, x3) = (x1, x2, x3), for xk ∈ Bσk . The axiom∑
i,j(x1, x2, b
(1,2|3,4)
i )F
ij
(1,2|3,4)(b
(3,4|1,2)
j , x3, x4) =
∑
i,j(x4, x1, b
(4,1|2,3)
i )F
ij
(4,1|2,3)(b
(2,3|4,1)
j , x2, x3)
is equivalent to assoiativity for the algebra B∗. Moreover B∗ is a Frobenius Algebra in
the sense of [7℄ if its dimension is nite.
3.2. Topology-algebra orrespondene.
Theorem 3.1. Let F = {ΦΩ : VΩ → K} be a Brane Topologial Field Theory on a tuple
of nite-dimensional vetor spaes {Bσ|σ ∈ Σ}. Then the poli-linear forms
• (x′, x′′) = ΦΩ(σ1,σ2)(x
′
q1
⊗ x′′q2), where x
′ ∈ Bσ1 , x
′′ ∈ Bσ2
• (x′, x′′, x′′′) = ΦΩ(σ1,σ2,σ3)(x
′
q1
⊗ x′′q2 ⊗ x
′′′
q3
), ãäå x′ ∈ Bσ1, x
′′ ∈ Bσ2, x
′′′ ∈ Bσ3 .
generate a struture of Colored Frobenius Algebra on B⋆ =
⊕
σ∈ΣBσ.
Proof. Only the last axiom is not obvious. Let us onsider a brane
omplex Ω ∈ Ω(σ1, σ2, σ3, σ4), and a ut between the pairs of vertexes
σ1, σ2 and σ3, σ4. Then the ut-invariant axiom and lemma 2.2 give
4
∑
i,j(x1, x2, b
(1,2|3,4)
i )F
ij
(1,2|3,4)(b
(3,4|1,2)
j , x3, x4) = ΦΩ(x1, x2, x3, x4). Similarly,∑
i,j(x4, x1, b
(4,1|2,3)
i )F
ij
(4,1|2,3)(b
(2,3|4,1)
j , x2, x3) = ΦΩ(x1, x2, x3, x4)

Theorem 3.2. Let B⋆ =
⊕
σ∈ΣBσ be a Colored Frobenius Algebra with poli-linear forms
(., .) and (., ., .). Then it generates a Brane Topologial Field Theory on {Bσ|σ ∈ Σ} by
means of following onstrution. Fix a basis {bσi } of any vetor spae Bσ, σ ∈ Σ. Consider
the matrix F ijσ that is the inverse matrix for F
σ
ij = (b
σ
i , b
σ∗
j ). Dene the linear funtionals
for any onneted brane omplexes by
• ΦΩ(σ1,σ2...,σn)(x
1
q1
⊗ x2q2 ⊗ ...⊗ x
n
qn
) =
∑
ς1,ς2,...,ςn−3∈Σ
(x1, x2, bς1i1)F
ς1
i1j1
(b
ς∗1
j1
, x3q3 , b
ς2
i2
)
F ς2i2j2(b
ς∗2
j2
, x4q4 , b
ς3
i3
)......F
ςn−4
in−4jn−4
(b
ς∗n−4
jn−4
, xn−2qn−2, b
ςn−3
in−3
)F
ςn−3
in−3jn−3
(b
ς∗n−3
jn−3
, xn−1qn−1 , x
n
qn
),
where xiqi ∈ Bσi .
Then the family {ΦΩ(σ1,σ2...,σn)} generates a Brane Topologial Field Theory.
Proof. The topologial invariane follows from the invariane under yli renumbering
the verties of Ω. The invariane under the renumbering qi 7→ qj j ≡ i+ 1(mod2) follows
from the last axiom for the tree-linear form. The ut invariane follows diretly from the
denition of Φ if we renumber the verties marking the ut divide the verties q1, q2, ...qk
and qk+1, qk+2, ...qn.

These two theorems determine the one-to-one orrespondene between Brane Topolog-
ial Field Theories and isomorphi lasses of Colored Frobenius Algebras.
4. Hurwitz numbers of olored omplexes
4.1. Hurwitz numbers. Classial Hurwitz numbers are weighted number of brunhed
overings over losed surfae with presribed types of ritial values [8℄. Let us dene
some analog of Hurwitz numbers for brane omplexes.
A brunhed overing between simple CW-omplexes f : Ω˜→ Ω is alled simple overing
of degree d or simple d-overing it is a loal homeomorphism on any ell, preimage of any
ell onsists of unions of ells, and the number of ells from preimage is d for any ell of
higher dimension. Simple overings f ′ : Ω˜′ → Ω and f” : Ω˜” → Ω are alled isomorphi
if there exists an isomorphism ϕ˜ : Ω˜′ → Ω˜” suh that f ′ = f”ϕ˜. Denote by Aut(f) the
automorphisms group of a simple overing f .
Let Ω′ and Ω” olored omplexes. Simple overings f ′ : Ω˜′ → Ω′ and f” : Ω˜” → Ω”
are alled equivalent if there exists isomorphisms ϕ˜ : Ω˜′ → Ω˜” and ϕ : Ω′ → Ω” suh
that ϕf ′ = f”ϕ˜. Denote by ΥdΩ the set of equivalent lasses of simple d-overings over a
olored omplex Ω.
A simple d-overing f : Ω˜ → Ω over a brane omplex Ω generate a simple d-overing
fq : Ω˜q → σq over the vertex omplex σq of a vertex q. The equivalene lass of fq is alled
a loal invariant of f at q. Consider a set {βq} = {βq ∈ Υ
d
σq
|q ∈ Ωb}. Denote by Υ
d
Ω({βq})
the set of isomorphi lasses of simple d-overings f : Ω˜→ Ω with loal invariants fq = βq
for all vertexes q ∈ Ωb. The weighted number of simple d-overing
Hd(Ω, {βq}) =
∑
f∈ΥdΩ({βq})
1/|Aut(f)|
is alled Hurwitz number of simple d-overings
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4.2. Hurwitz Brane Topologial Field Theory. For any σ ∈ Σ = Σ(D,S), de-
note by Cdσ the vetor spae generated by the set Υ
d
σ. The involution σ 7→ σ
∗
gener-
ates the involution Cdσ 7→ C
d
σ∗ . Hurwitz numbers generate a family of linear funtions
Hd = {ΦΩ : VΩ → K} on {VΩ = (⊗q∈ΩbC
d
q )}, depending from brane omplexes Ω.
Theorem 4.1. Hd is a Brane Topologial Field Theory.
Proof. It is not evident only the ut-invariant axiom. Fix a ut σ ⊂ Ω ∈ Ω(σ1, ..., σm)
and a overing β ∈ Υdσ. Let Ω \ σ = Ω+ ∪ Ω−. Put Ω+ = Ω+ ∪ σ+ ∈ Ω(σ1, ..., σk, σ)
and Ω− = Ω+ ∪ σ+ ∈ Ω(σ, σk+1, ..., σm). The simple overing f : Ω˜ → Ω generates the
simple overings f± : (Ω˜± ∪ f
−1(σ)±)) → Ω±, where Ω˜± = f
−1(Ω±). Consider the set
MβΩ(β1, ..., βm) of simple overings f : Ω˜ → Ω, suh that loal invariants of f at vertexes
of Ω are βi and the overing f+|f−1(σ)+ is equivalent to β.
The overings from MβΩ(β1, ..., βm) are overings that appear from ov-
erings f+ : (Ω˜+ ∪ f
−1(σ)+)) → Ω+ and f− : (Ω˜− ∪ f
−1(σ)−)) → Ω−
by gluing aording to an equivalene f+|f−1(σ)+ → f−|f−1(σ)− . More-
over, dierent equivalenes f+|f−1(σ)+ → f−|f−1(σ)− generate isomorphi
overings if one of it appear from other by automorphisms of f+ and
f−. Thus,
∑
f∈MβΩ(β1,...,βm)
1
|Aut(f)|
=
∑
f+∈Υd
Ω+
(β1,...,βk,β),f−∈Υ
d
Ω−
(β,βk+1,...,βm)
|Aut(β)|
|Aut(f+)||Aut(f−)|
=
∑
f+∈Υd
Ω+
(β1,...,βk,β)
1
|Aut(f+)|
|Aut(β)|
∑
f−∈Υd
Ω−
(β,βk+1,...,βm)
1
|Aut(f−)|
.
Therefore Hd(Ω, {β1, ...βm}) =
∑
β∈Υdσ
∑
f∈MβΩ|(β1,...,βm)
1
|Aut(f)|
=∑
β∈Υd
β
H(Ω+, {β1, ...βk, β})|Aut(β)|H(Ω−, {β, βk+1, ...βm}). Moreover
H(Ω, {β, γ}) =
δβ,γ∗
|Aut(β)|
.

It is follow from theorem 3.1 that the theory Hd generates a Colored Frobenius Algebra
Cd∗ . It denes a multipliation between isomorphi lasses of simple d-overings of olored
omplexes. Theorem 3.2 gives a formula for alulation of Hurwitz numbers of simple
overings in terms of these algebra. The algebra Cd∗ is an hight dimensional analog of the
algebra bi-party graphs from [2, 3℄. Algebra C1∗ is an algebra of brane omplexes.
5. Group foam
5.1. Hurwitz numbers of G-overings. Fix a nite group G. A homomorphism
G → Aut(Ω˜) to the group of automorphism of simple CW-omplex Ω˜ is alled a G-
ation on Ω˜, if the set of xed points of any g ∈ G is sum of some full ell of Ω˜. For
brevity we shall identify elements of G and its images in Aut(Ω˜).
We say that a map f : Ω˜ → Ω between CW-omplexes is G-overing if f = f∗r,
where r : Ω˜ → Ω˜/G is the natural projetion by some G-ation and f∗ : Ω˜/G → Ω is an
isomorphism. G-overings f ′ : Ω˜′ → Ω and f” : Ω˜” → Ω are alled isomorphi, if there
exists an isomorphism ϕ˜ : Ω˜′ → Ω˜” suh that ϕ˜g = gϕ˜, for g ∈ G, and f ′ = f”ϕ˜. Denote
by Aut
G(f) the automorphisms group of a G-overing f .
Let Ω′ and Ω” olored omplexes. G-overings f ′ : Ω˜′ → Ω′ and f” : Ω˜” → Ω” are
alled equivalent, if there exists isomorphisms ϕ˜ : Ω˜′ → Ω˜” and ϕ : Ω′ → Ω” suh that
ϕ˜g = gϕ˜, for g ∈ G, and ϕf ′ = f”ϕ˜. Denote by ΥGΩ the set of equivalent lasses of
G-overings over a olored omplex Ω.
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A G-overing f : Ω˜ → Ω over a brane omplex Ω generates a G-overing fq : Ω˜q → σq
over the vertex omplex σq of a vertex q. The equivalene lass of fq is alled a loal
invariant of f at q. Consider a set {βq} = {βq ∈ Υ
G
σq
|q ∈ Ωb}. Denote by Υ
G
Ω({βq}) the
set of isomorphi lasses of G-overings f : Ω˜ → Ω with loal invariants fq = βq for all
vertexes q ∈ Ωb. The weighted number of G-overing
HG(Ω, {βq}) =
∑
f∈ΥGΩ ({βq})
1/|AutG(f)|
is alled Hurwitz Number of G-overings
5.2. Brane Topologial Field Theory of G-overings. For any σ ∈ Σ = Σ(D,S),
denote by CGσ the vetor spae generated by the set Υ
G
σ . The involution σ 7→ σ
∗
gener-
ates the involution CGσ 7→ C
G
σ∗ . Hurwitz numbers generate a family of linear funtions
HG = {ΦΩ : VΩ → K} on {VΩ = (⊗q∈ΩbC
G
q )}, depending from brane omplexes Ω. By
repeating the proof of theorem 4.1 we obtain
Theorem 5.1. HG is a Brane Topologial Field Theory.
It is follow from theorem 5.1 that HG generates a Colored Frobenius Algebra CG∗ (G-
foam). It is obviously that its isomorphi lass depends only on G and |S|. Thus, G-foams
are invariants of G that desribe the family of subgroups of G. The restrition of G-foam
on the ategory of 2-dimensional disks (see remark 2.1) were onsider in [3℄. The algebra
CG∗ oinides with the algebra C
d
∗ from previous setion, if G is the symmetrial group
Sd.
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